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Is sparse and distributed the coding goal of simple cells?
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Abstract. The question of why the receptive fields of sim-
ple cells in the primary visual cortex are Gabor-like is
a crucial one in vision research. Many research efforts
(Olshausen and Field 1996, 1997; van Hateren and Ru-
derman 1998; van Hateren and van der Schaaf 1998) that
yield a set of localized, oriented, and bandpass Gabor-like
receptive fields believe that sparse and distributed is the
coding goal of simple cells. This paper investigates a more
general coding strategy that measures equally any depar-
ture from normality in the simple cells’ responses. That
is, we investigate the possibility that highly kurtotic re-
sponse histograms may result if simple cells explicitly seek,
not maximally kurtotic, but rather maximally non-Gauss-
ian response histograms to natural images. It is found
that, under this coding strategy, the simulations produce
a majority of localized, oriented, bandpass (Gabor-like)
receptive fields. Some receptive fields, however, are spa-
tially distributed and show little oriented structure. Nearly
all receptive fields, regardless of whether they are Gabor-
like or non-Gabor-like, yield highly kurtotic response his-
tograms to natural images. Thus, in seeking maximally
non-Gaussian response histograms, receptive fields spon-
taneously yield highly kurtotic histograms. The presence
in our ensemble of nonlocalized, nonoriented receptive
fields may be due to the artificial requirement that recep-
tive fields be orthonormal. We conclude that the high kur-
toses observed in the response histograms of simple-cell
receptive fields to natural images may reflect a property of
natural images themselves rather than an explicit coding
goal used to structure simple-cell receptive fields.

1 Introduction

The question of why simple cells in primary visual cor-
tex (V1) possess Gabor-like receptive fields is an active
topic in vision research. The approach applied by many
researchers is to consider the properties of the inputs to
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these cells together with other constraints. Evolutionary
considerations have led researchers to focus on natural
images (i.e., images of rocks, trees, mountains and other
non-man-made structures). Among the constraints, some
researchers suggest that the purpose of coding is to try
to achieve a sparse and distributed coding of the input
images (Field 1994; Olshausen and Field 1996, 1997).

Field (1994, 1987) found that the projections of a pop-
ulation of natural images to a simple cell conforms to
a highly kurtotic distribution (Fig. 1). That is, many re-
sponses are near 0, but the nonzero responses tend to be
large in absolute value. This led Field (1994) to propose
that the ensemble of simple cells collectively achieves a
sparse and distributed code for the set of natural images.
A code is sparse if most neurons are silent in response
to any given input image, while those that are active are
strongly active. A code is distributed if all neurons are acti-
vated equally often across the set of all input images. Un-
der Field’s view, the visual system explicitly builds sparse
and distributed representations into the code achieved by
simple cells. It sets out to construct a code that is as sparse
and well distributed as it can be. Thus one should explic-
itly seek receptive fields whose distributions of responses
to natural images are highly kurtotic.

If this is true, then the kurtosis

K = E((X −E(X))4)

σ 4
−3 (1)

is a good measure since any departure from normality at
the center and the tail give much larger kurtosis than any
other part does.

Although this consideration fits the empirical study of
response distribution of simple cells to natural images very
well (Field 1994), it is important to note that, even if some
sort of “sparseness” were the crucial factor, it is not clear
that kurtosis would be the most adequate measure. The
possibility remains that human vision seeks simply a code
in which each receptive field produces a response distribu-
tion deviating as strongly as possible from normality. In
this case the high kurtosis of simple-cell response distribu-
tion may reflect an empirical property of natural images
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Fig. 1. Distributions with different kurtoses

instead of a coding principle of human vision. Moreover,
there is no theoretical reason why one should assume that
the tails in the distribution should be given a special weight
in the measure.

In (1), σ is the standard deviation of random variable
X. In this paper, X is the response of a simple cell to a
natural image. If X is normally distributed, K is zero. For
a distribution with a positive K, the distribution has a
large peak at zero and heavy tails. The larger the K, the
larger the peak and the heavier the tails. For a distribution
with a negative K, the distribution becomes flatter than
Gaussian. The smaller the K, the flatter the distributions
if variance is held constant. (Figure 1 is an illustration of
different kurtoses.)

Following the sparse and distributed argument, Ol-
shausen and Field (1996, 1997) demonstrated a neural
network that can generate Gabor-like receptive fields by
minimizing

E =
∑

x,y

[
I(x, y)−

∑

i

ai�i (x, y)

]2

+λ
∑

i

S
(ai

σ

)
. (2)

Here I is the input image, (x, y) are the coordinates to index
a pixel of image I, and i is the index to all the receptive
fields.

The second part of (2) is a measurement of the sparse-
ness. In implementation, S is selected as a function that
is unimodal and peaks at zero (and hence penalizes any
nonzero responses/coefficients ai) such as log(1+x2).

The first part of (2) is the measurement of reconstruc-
tion of the input image I by receptive fields �i and their
responses ai . The smaller the better for this part. An error-
free reconstruction (this term is zero) implies that for every
input image I, there is a perfect internal representation by
both the receptive fields �i and their responses ai .

The receptive fields generated by this neural network
method are compelling – they are localized, oriented, and
bandpass Gabor-like patches.

Although the research by Olshausen and Field (1996,
1997) generated compelling receptive fields, it still can only

assert that sparse and distributed coding is sufficient for
the generation of Gabor-like receptive fields. It remains
unclear whether sparse and distributed coding is neces-
sary for producing Gabor-like receptive fields.

2 A new measure that seeks maximally non-Gaussian
simple-cell responses

If � is the receptive field of a simple cell in V1 and I is
the input image, dot product �I is the response of the sim-
ple cell. In this research, natural images I are used as the
inputs in the light of evolutionary theory. According to the
theory of projection pursuit (Friedman 1987), the statis-
tical distribution of �I is almost always Gaussian. There-
fore, as a statistical heuristics based on projection pursuit,
a receptive field � should make the distribution of �I as
non-Gaussian as possible. Then the problem becomes how
to measure the nonnormality of �I.

As discussed in the last section, the simulations of
Olshausen and Field (1996, 1997) explicitly seek receptive
fields whose distributions of responses to natural images
are highly kurtotic. However, it is unclear why the tails
in the distribution should be given a special weight in the
measure.

An alternative with minimum assumptions is that every
departure from normality in the distribution of responses
should be weighted equally. Therefore, clusters between
peak and tail are treated as identical to tails. If the gener-
ated receptive fields are not similar to the receptive fields
in V1, this indicates that nature most likely uses a more
special measure, such as kurtosis, to favor some special
designs. These designs must have special biological advan-
tages. For a high kurtosis distribution, it has a spikelike
peak at zero and a fat tail. This indicates that it is very
unlikely to fire in response to a randomly chosen natu-
ral image, yet when it does fire, it fires strongly. This is
very much like a digital device given the fact that neural
cells only function on the positive part. This can give a
robust design in V1. However, if the receptive fields gen-
erated by this new measure are similar to those of simple
cells, this will indicate that the coding goal may not be
to achieve a sparse and distributed code as assumed by
previous research. Even if the receptive fields generated
using the new measure do produce sparse and distributed
responses, one cannot say the goal is to produce a sparse
and distributed code. In other words, sparse and distrib-
uted coding may be sufficient a priori to produce a sparse
and distributed coding, but it may be not necessary to
produce a sparse and distributed coding. Following this
argument, we give a measure with minimum assumptions
that weights all departures from normality equally.

Consider a receptive field � and a randomly chosen
input image I. Then the response of the simple cell with
receptive field � is

X =�I . (3)

If X has a standard normal distribution, then one can ob-
tain a random variable R uniformly distributed on (−1,1)
by setting
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R =2�(X)−1 , (4)

where � is the standard normal cumulative distribution
function. That is, for any x ∈R,

�(x)= 1√
2π

∫ x

−∞
e−t2/2dt . (5)

Thus, if X is standard normal, then the probability density
function of R is

p(r)= 1
2
, r ∈ (−1,1) . (6)

Therefore, an equally weighted measure of departure from
normality (Friedman 1987) is

C(�)=
∫ 1

−1

(
p(r)− 1

2

)2

dr =
∫ 1

−1
p2(r)dr − 1

2
. (7)

This measure may be only one of many possible measures.
However, it is also possible that all these measures turned
out be equivalent. Nonetheless, this topic is an interesting
question worth pursuing in future research, but it is be-
yond the scope of this paper.

Equation (7) cannot be calculated in general since the
probability density function p(r) is not known. To get
around this, it can be approximated as follows. First, p(r)
can be expanded as a linear sum of Legendre polynomi-
als. (We would like to point out that other orthonormal
polynomials may also be used. The result, we think, may
not be changed since the crucial thing is the order of the
polynomials.):

p(r)=
∞∑

j=0

ajPj (r) , (8)

where Pj is the j th-order normalized Legendre polyno-
mial, and

aj =
∫ 1

−1
Pj (r)p(r)dr =E(Pj (R)) . (9)

Hence (7) becomes

C(�)=
∫ 1

−1




∞∑

j=0

ajPj (r)



pR(r)dr − 1
2

. (10)

Noting that E2(P0(R))=1/2, one then obtains

C(�)=
∞∑

j=1

E2(Pj (R)) . (11)

In practice it suffices to keep only the first several items of
C. To overcome the shortcomings of the kurtosis (e.g., a
small difference in the tail yields a large difference in the
kurtosis), it is found that J = 5 (which is also one order
greater than the order of the kurtosis) is enough for this

purpose (Friedman 1987). A larger J yields no fundamen-
tal difference (Friedman 1987). (In all the simulations car-
ried out in this research, J = 5. We also tried for J = 10
or 20. However, there were no fundamental differences in
the results.) Hence C can be approximated as

C(�)=
∫ 1

−1
p2

R(r)dr − 1
2

≈
J∑

j=1

E2
R(Pj (R)) . (12)

C can be readily estimated given a large population of I.
Specifically, for a set comprising N randomly selected

images I1, I2, . . . , IN , one can estimate the left side of (12)
by

C(�)=
J∑

j=1

(
1
N

N∑

i=1

Pj (2�(X)−1)

)2

. (13)

3 A functional model and its whitening procedure

A functional model of the simple cells in the V1 can be
formulated based on the objective function given in the
last section. According to this model, simple cells in the
V1 function in such a way as to catch any departure from
normality in their responses to the input images. Mathe-
matically, a simple cell is a biological optimizer of (12).

Since the data have large different variances in
different directions, this makes searching for � diffi-
cult (Friedman 1987). To overcome this, in Friedman’s
projection pursuit (Friedman 1987), the data are first pro-
cessed by principal component analysis. This is the whit-
ening procedure in projection pursuit. This procedure
makes the processed data uncorrelated and with equal
unit variances. In this procedure, no principal compo-
nents are removed (Friedman 1987). However, removing
these principal components of small eigenvalues affects
little the reconstruction of the input images. Therefore,
whitening by principal component transformation with
principal components of large eigenvalues is also used in
the later simulations.

In the following section, a systematic simulation study
with different whitening procedures that retain 100%,
99%, 98%, 96.5%, 95%, and 90% of the energy of the ei-
genvalues was carried. The percent energy of eigenvalues is
the ratio of the sum of the largest eigenvalues (correspond-
ing to the retained principal components) to the sum of
all eigenvalues. The estimated frequency cutoffs are about
6.7 (99%), 6 (98%), 5 (96.5%), 4 (95%), and 2.5 (90%) cir-
cles/image.

4 Simulations for natural images

In the discrete domain, the input image I is a column vec-
tor in R

n (i.e., n×1 matrix), and the receptive field � is a
row vector in R

n (i.e., 1 ×n matrix). The objective func-
tion is generalized to m receptive fields as follows. Let �
be the m×n matrix whose rows are receptive fields �i (i =
1,2, . . . ,m). Then



411

C(�)=
m∑

i=1

J∑

j=1

E2(Pj (Ri)) , (14)

where Ri (corresponding to the ith receptive field) is as
follows:

Ri =2�(�iI)−1 . (15)

In the simulation, � is an n×n matrix.
For this study, the input images and receptive fields

are all 12 × 12 matrices. These input images are raster
scanned to form 144-dimensional column vectors (i.e.,
144×1 matrix), and the receptive fields are raster scanned
to form 144-dimensional row vectors (i.e., 1 × 144 matri-
ces). Accordingly, the dot products �iI (i =1,2, . . . ,144)
can be construed as responses of simple cells in the V1.
These small 12 × 12 images are generated from the same
five natural images (Fig. 2) as were used in (Bell and Se-
jnowski 1996). A set of 6000 (see Fig. 3 for a sample) small
12×12 images is used in the simulation.

The images are first whitened. To this end, a principal
component analysis is carried out. The covariance matrix
of the input images (denoted as COV ) is calculated by

COV =E((I −E(I))(I −E(I))T ) . (16)

The eigenvectors of the covariance are the principal com-
ponents. These vectors form an n×n (n is the number of
pixels in an image I ) matrixV . The eigenvalues indicate the
variance magnitudes of the corresponding principal com-
ponents. These eigenvalues can form a diagonal matrix D.
Assume the eigenvalues (thus the corresponding eigenvec-
tors) in the diagonal matrix D are arranged in descending
order, i.e., D(1,1) is the largest eigenvalue, D(2,2) is the
second largest eigenvalue, . . . , and D(n,n) is the smallest
eigenvalue. Therefore, one has the following equation:

COV =V DV T . (17)

Then the input images are processed as follows.

Ĩ =D−1/2V T (I −E(I)) , (18)

Fig. 2. A natural image used in the simulation

Fig. 3. A sample collection of 12×12 images of the total 6000 used
in the simulation

where D is a w × w diagonal matrix formed by the first
w largest eigenvalues. V is an n×w matrix formed by the
corresponding eigenvectors. w is chosen as the number
of eigenvalues, which accounts for 100% (w = 144), 99%
(w = 101), 98% (w = 75), 96.5% (w = 55), 95% (w = 44),
and 90% (w = 22) of the sum of all eigenvalues. Figure 4
shows some examples of the original image for 100% and
processed images for 98% and 90%.

Thus D−1/2V T is the whitening matrix. It is easy to
show that after this processing, Ĩ’s elements are uncorre-
lated, i.e.,

E(ĨĨT )=1 , (19)

where 1 is the w × w identity matrix. The simulation is
carried out in the space spanned by the column vectors of
Ĩ. To bring the results into the original image space, one
can perform a dewhitening process as follows:

I =VD1/2Ĩ , (20)

where VD1/2 is the dewhitening matrix.

Fig. 4. Some examples of the original image for 100% and processed
images for 98% and 90%
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It is easy to show that the mean of each element of Ĩ is 0.
Furthermore, in whitened input image space, for any unit
vector �, the dot product �Ĩ has zero mean and unitary
variance, i.e.,

E(�Ĩ)=0, E((�Ĩ)2)=1 . (21)

Any orthogonal vectors �i and �j result in uncorrelated
receptive field outputs in the whitened image space Ĩ, i.e.,

E((�i Ĩ)(�j Ĩ))=0 . (22)

Therefore, by enforcing the orthonormality of the
receptive fields �j (where 1≤ j ≤w), the unitary variance
and uncorrelated receptive field outputs are ensured. Thus
we seek a set of receptive fields �j (1 ≤ j ≤w) such that
(a) they are orthonormal and (b) Eq. (14) is maximal over
all sets of receptive fields that satisfy (a). By maximizing
(14), we obtain a set of receptive fields such that the histo-
grams of the output vectors �j Ĩ (1≤j ≤w) are maximally
non-Gaussian. Mathematically, combining (a) and (b) is
equivalent to seeking the maximal solution of the follow-
ing equation:

C(�)=
m∑

i=1

J∑

j=1

E2(Pj (Ri))−λ‖��T −1‖2 , (23)

where ‖ ·‖ is the square norm of a matrix, λ is a free param-
eter, and 1 is the identity matrix.

The orthonormal constraint is artificial. It is mainly
used to ensure that the generated receptive fields are differ-
ent. It certainly can be replaced by other more reason-
able constraints. Nonetheless, the alternative constraint
still awaits further research. Moreover, it is worth point-
ing out that there is only one free parameter λ used in our
final objective function (which corresponds to this ortho-
normality constraint). The larger this free parameter, the
closer the receptive fields are to orthonormal.

There are many methods for solving the optimization
problem (Press et al. 1988). It has been found that the con-
jugate gradient method fits the problem very well. The sim-
ulation results yielded by this method using 6000 12 ×12
images with six different whitening procedures are pre-
sented as follows.

5 Simulation results

The first simulation is carried out with all eigenvectors
retained. Figures 5 and 6 are the results of the simula-
tion. This is the convergent result, although it may take
1 month on a Linux machine or a supercomputer. Note
that the receptive fields are dewhitened and the full whit-
ening used here boosts the noise in the images. It looks like
optimization is more dependent on the noise than on the
signal. These receptive fields do not look like the recep-
tive fields in the V1, which are localized, oriented, and
bandpass. However, interestingly, nearly all (except two)
receptive fields produce responses with a sparse distribu-
tion. The mean of the kurtoses is 3. This clearly indicates

Fig. 5. The simulated 144 receptive fields

Fig. 6. Kurtoses of responses of the simulated 144 receptive fields to
the input images; the histogram of these kurtoses
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Fig. 7. The simulated 101 receptive fields

Fig. 8. Kurtoses of the responses of the simulated 101 receptive fields
to the input images; the histogram of these kurtoses

that, compared with the goal of explicitly seeking sparse
and distributed coding, maximized non-Gaussianity as an
alternative goal can also produce sparse and distributed
coding even though we did not explicitly seek sparse and
distributed coding.

Fig. 9. The simulated 75 receptive fields

Fig. 10. Kurtoses of the responses of the simulated 75 receptive fields
to the input images; the histogram of these kurtoses

In the following five simulations, 101, 75, 55, 44, and
22 eigenvectors are reserved to form the whitening ma-
trix. This corresponds, respectively, to 99%, 98%, 96.5%,
95%, and 90% of the sum of all eigenvalues. The resulting
receptive fields and the corresponding kurtosis responses
are shown in Figs. 7–16. Interestingly, by removing just
1% of the total energy, many Gabor-like receptive fields
appear, although some receptive fields still do not have
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Fig. 11. The simulated 55 receptive fields

Fig. 12. Kurtoses of the responses of the simulated 55 receptive fields
to the input images; the histogram of these kurtoses

any obvious structure. When the percentage of energy de-
creases, more and more Gabor-like receptive fields appear.

Fig. 13. The simulated 44 receptive fields

Fig. 14. Kurtoses of the responses of the simulated 44 receptive fields
to the input images; the histogram of these kurtoses

Fig. 15. The simulated 22 receptive fields

Nonetheless, even if the total energy is decreased, some
receptive fields still do not have any evident structure. This
may be due to the fact that we applied an artificial ortho-
normal constraint whose main purpose was to ensure that
the generated receptive fields were different.

There is a clear trend in the receptive field results: As
the band limitations increase in strength, a clear majority
of Gabor-like receptive fields appear. The reason for this is
that as band limitations increase, the high-frequency parts
in the input images are removed. This makes the algo-
rithm easy to converge. Moreover, there are fewer high-
frequency parts in the converged results.

It should be noted that other algorithms that have been
used to seek sparse and distributed codes for natural im-
ages do not require orthonormality of receptive fields.
One might well ask what would happen if we relaxed the
requirement that receptive fields be orthonormal. Specifi-
cally, it seems likely that we might obtain a reduction in the
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Fig. 16. Kurtoses of the responses of the simulated 22 receptive fields
to the input images; the histogram of these kurtoses

number of receptive fields showing no obvious structure
while increasing the number of Gabor-like receptive fields
since a group of Gabor-like receptive fields may simply
not satisfy the orthonormal requirement, e.g., observing
the result of Olshausen and Field (1996, 1997). Further-
more, Gabor functions cannot form orthonormal bases.

The kurtoses yielded by these receptive fields are also
shown in Figs. 8, 10, 12, 14, and 16. (A comparison of these
kurtoses for different numbers of receptive fields is shown
in Fig. 17.) Although the objective function (23) treats
any departure from normality equally without explicitly
seeking high kurtotic responses, nearly all these recep-
tive fields (except two in every figure) have highly kurtotic
response histograms. The means, medians, and standard
variances of these kurtoses are summarized in Table 1 for
comparison.

6 Discussion

This paper tries to answer the question: Why do sim-
ple cells in V1 possess Gabor-like receptive fields? Much
research effort has gone into addressing this problem.
Here we discuss some of this related research. One pop-
ular related method is independent component analysis.

Fig. 17. Comparsion of the kurtoses from simulations of 144, 101,
75, 55, 44, and 22 receptive fields. “*”: 144 RFs, square: 101 RFs,
diamond: 75 RFs, triangle: 55 RFs, “x”: 44 RFs, “+”: 22 RFs

Table 1. Mean, median, and variance of the kurtoses

Number of RF Mean Median Variance

144 3.0208 2.9700 0.7374
101 5.0951 4.8595 1.8664
75 5.4329 5.2603 1.9198
55 4.8849 5.1066 1.5669
44 4.6252 4.7298 1.5935
22 3.6191 3.4420 1.7390

However, although this method may be a good model
for audio perception where sounds can be transparently
mixed, in vision, this may not be true since visual compos-
ing procedures such as occlusion are nonlinear. Therefore,
the application of independent component analysis to vi-
sion research may be limited. One of the best results in this
kind of research is by van Hateren and colleagues (van
Hateren and Ruderman 1998; van Hateren and van der
Schaaf 1998). They used a fast fixed-point method pro-
posed by Hyvärinen and Oja (Hyvärinen and Oja 1997)
to find the extreme (maximum or minimum) solution of
the kurtosis K – because if the simple cells really use kur-
tosis as the measure, the receptive fields give the maxi-
mum or minimum of K. The receptive fields found in this
research are localized, oriented, and bandpass. One inter-
esting finding is that only by maximizing kurtosis can one
produce simple cell-like receptive fields, while by minimiz-
ing kurtosis one cannot. It should be pointed out that,
although the authors discuss their work under the frame-
work of independent component analysis, the method they
applied is technically equivalent to a method using kurto-
sis as the measure of the departure from normality. Bell
and Sejnowski (1996) also proposed an independent com-
ponent analysis algorithm. However, as was pointed out
by Olshausen and Field, this method is technically equiv-
alent to the method by Olshausen and Field (cf. discussion
and appendix of Olshausen and Field 1997). However, as
was pointed out by one reviewer, we do not have a general
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argument against statistical independence. We have only
pointed out the limitations of several implementations of
statistical independence. Whether statistical independence
can be the ultimate goal of biological vision systems is be-
yond the scope of this paper.

Another related study was by Chubb et al. (Chubb et al.
1997). They propose that the simple-cell receptive fields in
V1 are collectively optimized to reject the null hypoth-
esis that the visual input is devoid of spatial structure.
Although their method is more general than those explic-
itly seeking sparse and distributed code method, it still can
only catch some special cases of departure from normality.
The reason is that the functional goal of their method only
includes some special correlate functions that can only
correlate with some special departures from normality;
although these departures can be in places other than the
center and the tails, this method still gives these places spe-
cial positions like that the sparse and distributed coding
method gives special positions to the center and the tails.

One interesting question is, Comparing our method
with other methods, can we consider the deviation from
normality the most favorable goal of biological vision sys-
tem? With the evidence we have thus far, we are not sure
this is true. We can only assert that the goal proposed in
this paper is a possible alternative for simple cells. There-
fore, the question is still an open one.

7 Conclusion

In this paper, we try to give an alternative to the sparse and
distributed coding goal. We argue that the coding for sim-
ple cells is to find any departures from normality equally.
Under this coding strategy, we found that most receptive
fields generated are Gabor-like and are localized, oriented,
and bandpass. The responses of these receptive fields
are highly kurtotic regardless of the receptive fields are
Gabor-like or non-Gabor-like. Thus, in seeking maximally
non-Gaussian response histograms, receptive fields spon-
taneously yield highly kurtotic histograms. Hence sparse
and distributed could be only a byproduct of a more gen-
eral coding strategy. However, some structureless receptive

fields always exist. We suspect that the receptive fields with-
out structure are due to the artificial orthonormal con-
straint. We thus conclude that the high kurtosis observed
in the response histograms of simple-cell receptive fields
to natural images may reflect a property of natural images
themselves, rather than an explicit coding goal used to
structure simple-cell receptive fields.
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