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Abstract
The Time-Frequency and Time-Scale communities
have recently developed an enormous number of overcomplete signal dictionaries { wavelets, wavelet packets, cosine packets, wilson bases, chirplets, warped
bases, and hyperbolic cross bases being a few examples. Basis Pursuit is a technique for decomposing a
signal into an \optimal" superposition of dictionary
elements. The optimization criterion is the l1 norm
of coecients. The method has several advantages
over Matching Pursuit and Best Ortho Basis, including super-resolution and stability.

1 Introduction
Over the last ve years or so, there has been an
explosion of awareness of alternatives to traditional
signal representations. Instead of just representing
objects as superpositions of sinusoids (the traditional
Fourier representation) we now have available alternate dictionaries { signal representation schemes {
of which the Wavelets dictionary is only the most
well-known. Wavelet dictionaries, Gabor dictionaries, Multi-scale Gabor Dictionaries, Wavelet Packets,
Cosine Packets, Chirplets, and a wide range of other
representations are now available. Each such dictionary D is a collection of waveforms ( ) 2 , and we
envision a decomposition of a signal s as

X
s=
2

;

(1)

2

 + R;

2 Goals of Adaptive Representation
We are motivated by the aim of achieving simulatneously the following goals.

 Speed. It should be possible to obtain a representation in order O(n) or O(n log(n)) time.
 Sparsity. We should obtain the sparsest possible

representation of the object { i.e. the one with
the fewest signi cant coecients.

 Perfect separation. When the signal is made up of

a superposition of a few very disparate phenomena (e.g. impulses and sinusoids), those should
be clearly separated and marked.

 Superresolution. We should obtain a resolution

or an approximate decomposition

X
s=

pure tones (Fourier dictionary), bumps (wavelet dictionary), chirps (chirplet dictionary), etc.
A key point. The dictionaries we are interested in
are all overcomplete, either because they start out that
way, or because we can merge complete dictionaries,
obtaining a new mega-dictionary consisting of several
types of waveforms (e.g Fourier & Wavelets dictionaries along with Gabor). The decomposition (1) is then
nonunique, because some elements in the dictionary
have representations in terms of other elements. We
assume such nonuniqueness in what follows. It gives
us the possibility of adaptation, i.e. of choosing among
many representations one which is most suited to our
purposes.

(2)

where R is a residual. Depending on the dictionary, such a decomposition is a decomposition into

of sparse objects that is much higher-resolution
than that possible with traditional non-adaptive
approaches.

 Stability. Small perturbations of s should not seriously degrade the results.

3 Finding an Adaptive Representation
We brie y mention a few methods that have been
proposed to nd decompositions and then comment
on how well they achieve those goals. In my talk, I
will give examples of these methods in action.

3.1 Method of Frames
Imagine that we write out all the vectors of the
dictionary as columns of a matrix , and we write out
all the coecients ( ) as a column vector. Then the
decomposition problem is that of nding a solution
 = s. There are many solutions; the method of
Frames [4] picks one whose coecients have minimum
l2 norm.
min k k2 subject to  = s:
This solution can often be computed in O(n log(n))
time. The key problem: the solution is an average of
all possible solutions  = s; so it is typically of very
poor sparsity, and also does not super-resolve.

3.2 Best Ortho Basis
Coifman and Meyer have invented some special dictionaries, wavelet packets and cosine packets, which
have a very special structure. Certain structured
subcollections of the elements amount to orthogonal
bases; one gets in this way a wide range of orthonormal bases (in fact  2n such orthogonal bases for signals of length n). Coifman and Wickerhauser [1] have
proposed a method of adaptively picking from among
these many bases, a single orthogonal basis which is
the best one. If (s[B]I ) denotes the vector of coefcients of s in orthogonalPbasis B, and if we de ne
the \entropy" E (s[B]) = I e(s[B]I ), where e(s) is a
scalar function of a scalar argument, they give a fast
algorithm for solving
minfE (s[B]) : B ortho basis  Dg:
The algorithm is fast { it delivers a basis in order
n log(n) time { and in some cases delivers near-optimal
sparsity respresentations. Possible problem: when the
signal is composed of a very few highly non-orthogonal
components, the method may not deliver sparse representations.

3.3 Matching Pursuit
Mallat and Zhang [5] have proposed the use of a
greedy algorithm which builds up a sequence of sparse

approximations starting from s(0) = 0 and R(0) = s;
adding to the approximation at stage k that multiple
of that element of the dictionary which best correlates
with the residual, so that s(k) = s(k 1) + k  k and
R(k) = s s(k) . After N steps, one has a representation of the form (2), with residual R = R(N ) .
Possible problem: because the algorithm is greedy,
when run for many iterations, it might spending most
of its time correcting for any mistakes made in the
rst few terms. One can give examples of dictionaries
and signals where the method gives a solution which
is badly sub-optimal in terms of sparsity.

3.4 Massive Optimization
To avoid the limitations of greedy optimization,
one might consider replacing matching pursuit by a
true global optimization employing exhaustive enumeration. One would sift through all possible subsets
of size  n of the dictionary and t each subset to
the signal by least squares. That subset optimizing a
tradeo of complexity and lack-of- t would be chosen
to generate the t s^ and residual. The key problem:
sifting through  2n least-squares ts is not computationally feasible.

4 Basis Pursuit
Chen and Donoho [2] have suggested a method of
decomposition based on a true global optimization
which is at least theoretically feasible, due to recent
advances in linear programming. Among the many
possible solutions to  = s, they pick one whose
coecients have minimum l1 norm.
min k k1 subject to  = s:

(3)

For dealing with data at noise level  > 0, they propose approximate decomposition as in (2), solving
min k

sk22 + n k k1;
(4)
p
with n =  2 log(#D) depending on the number
#D of distinct vectors in the dictionary.

4.1 Comparisons
In comparison to the method of frames, the l2 norm
is replaced by the l1 norm. Special properties of the l1
norm force Basis Pursuit to be nonlinear and to therefore exhibit potentially very di erent behavior than
the method of frames.

The comparison to the Best Ortho Basis method is
interesting in the case (4). When Best Ortho Basis is
run with the l1 norm as an entropy, the two methods
compare as follows: BOB nds the orthogonal basis
which optimizes the l1 norm, while BP nds the optimum l1 norm among all bases, not just orthogonal
ones.
An understanding of this last comment comes from
noting that problem (3) is equivalent to a linear programming problem. From the theory of linear programming, we know that a solution is obtained at a
basis. We also know that linear programming solutions tend to be sparse, and this helps us understand
why BP may tend to give sparse solutions.
In comparison to Matching Pursuit, suppose we
solve the linear program underlying BP via the simplex method. Then MP works by starting with an
empty model, building up a new model in greedy fashion term by term. BP starts from an initial basis (for
example, the Best Ortho Basis for l1 -entropy) and iteratively improves the basis by swapping atoms not
in the basis for atoms in the basis. Both algorithms
are greedy, but the theory of linear programming says
that simplex must converge to a global optimum; in
contrast, global optimality of MP is not guaranteed.

4.2 Computation
BP is only thinkable because of recent advances in
linear programming via \interior point" methods. Indeed, suppose we need to do BP on an 8192 point long
signal, and decompose the object in the Wavelet Packets Dictionary. The dictionary will have n log2 (n) =
8192  13 = 106496 elements. The corresponding linear
program has 8192 constraints and more than 212,992
variables. Moreover the matrix of the linear program
is not sparse.
Until ten years ago, it was a major e ort to solve
a linear program with more than 1000 constraints
and 1000 variables. Today, problems with more than
50,000 variables and constraints are being solved in
practical work.
This increase in size of problems treated is in large
part due to the explosion of interest following Karmarkar's work on interior point methods. Modern
interior point methods have evolved far beyond Karmarkar's original proposal; we are using primal-dual
log-barrier methods. The key point of such methods
is the solution of a system of equations ADAT = AT v
about ten or twenty times, where the diagonal matrix
D changes from iteration to iteration, and A is the
matrix in the de nition of the linear program. Our approach is oriented around the special properties of A

and AT in BP. We use pre-conditioned conjugate gradient solvers so that we never have to store the matrix
A of the underlying linear program; we only have to
know how to apply A and AT rapidly. This is possible
since our signal dictionaries possess fast transforms.

4.3 Example
Figure 1 shows the use of BP, Frames, and MP to
super-resolve a superposition of two sinusoids with the
two frequencies spaced closer than the Rayleigh distance. The signal-to-noise ratio is 5/1. BP resolves the
presence of two speci c frequencies; the other methods do not. Figure 2 shows the use of BP and BOB
to de-noise a signal at 1/1 signal/noise ratio. Both
methods are working from the same dictionary. BOB
is applied as in [3]. BP is evidently both accurate
and stable. Figure 3 shows a phase plane obtained
by analyzing the signal \Greasy" [5] using BOB with
l1 entropy and wavelet packet dictionary. Figure 4
shows the phase palne from BP. Note the enhanced
resolution.
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(a) x = cos(pi * w_1 * t) + cos(pi * w_2 * t)
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(f) Coefs from Basis Pursuit Denoising
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Figure 1: Super-resolve Two Close Cosines
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Figure 3: BOB on Greasy using Wavelet Packet
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Figure 2: Denoising on Carbon
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Figure 4: BP on Greasy using Wavelet Packet
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